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Abstract

This paper presents a detailed investigation on the volumetric transfer coefficient (VHTC) model in solid—fluid
porous media based on the volume averaging method (VAM). The VHTC is obtained by solving the closure
problem with the control-volume finite difference method. A thermal analysis is conducted to illustrate the thermal
nature of the VHTC, based on which, an improved VHTC model has been proposed by taking into account the
effects of the thermal entrance and the non-uniformity of the velocity field. With this model, the applicability of the
VAM has been extended to large Peclet number laminar regime for convection heat transfer in porous media
characterized by straight ducts. © 2000 Published by Elsevier Science Ltd. All rights reserved.

1. Introduction

In engineering applications, such as thermal energy
storage units and cooling of electronics components,
consolidated porous matrices with high thermal con-
ductivity have been used to enhance the overall ther-
mal performance. The heat transfer mechanisms in
such porous media involve not only heat transport in
each single phase, but also the heat exchange between
the matrices and the transport fluids. Thus, a theoreti-
cal prediction of the heat transfer coefficient is of great
practical concern.

In the volume averaging method (VAM), a closure
problem in term of dimensionless closure variable
has been developed to evaluate the volumetric heat
transfer coefficient (VHTC) [1,2]. Being different from
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the conventional temperature quantity, the closure
variable ¥ (which is denoted as y; if in the fluid and
Y, if in the solid) is mathematically defined as the first
order coefficient in the local expansion of the phasic
temperature difference. Such a closure problem is fea-
tured by the jump condition at the solid—fluid interface
and the periodic boundary conditions. Its solution is
dependent on the geometry of the microstructure, the
thermophysical properties of the constituents and the
average velocity field. The analytical solution of the
closure problem and the VHTC for a circular tube
case was given in [3]. Quintard and Whitaker [2] dis-
cussed the development of the closure problem in a
mathematical manner. They also presented a numerical
solution for the two-dimensional unit cell in granular
porous media. However, the thermal nature of the
closure problem and the VHTC were not discussed in
their study. In the work by Grangeot et al. [4], the
VHTC is evaluated by fitting the measured tempera-
ture profiles with a system of phenomenological energy
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Nomenclature
a, b geometrical quantities, Fig. 7 (To), (T)® intrinsic averages of the fluid and
Ass interfacial area solid temperature, respectively
Aw, Ag coefficients in  the  discretized u velocity vector
equation (u)f intrinsic average of the vector vel-
bss, by, by, b, vector closure variables related to ocity
thermal conductivities u vector scalar; velocity component in
(po)s heat capacity of the fluid x direction
Co constant V volume
Cif, Cs source terms in the closure problem, X,y z rectangular coordinates
Eqgs. (5a) and (5b)
f(x) modification function, Eq. (21) Greek symbols
H, H; dimensionless volumetric heat trans- Q phasic domain
fer coefficients, Eqgs. (2a)—(2c) o thermal diffusivity
H(x) modified heat transfer coefficient p aspect ratio
model, Eq. (20) &f, & volume fraction of the fluid and the
k thermal conductivity solid, respectively
Kefe effective thermal conductivity tensor ® general variable used in numerical
K¢, 2z, Kfs, 2, zz components of the thermal con- procedure
K, -z, K, 2z ductivity tensors Y phase-identifying function, Eq. (4a)
) lattice vector K ks/ke, solid to liquid conductivity
L L characteristic =~ microscopic length ratio
scale and macroscopic length scale G phase-identifying function, Eq. (4b)
ng normal vector from the fluid to solid v heat exchange related closure vari-
Nu, local Nusselt number for a circular able
tube v unified closure variable
Pe; (u)'I¢ /o, microscopic Peclet number
Pey, (u)' Loy, macroscopic Peclet number Subscripts
q heat flux through the interface + RHS of a control volume face
r position vector — LHS of a control volume face
r cylindrical coordinate f fluid phase
ro, 1 radii of the circular unit cells, Fig. 1 solid phase
s solid phase
Su source term in numerical procedure Superscripts
T temperature f intrinsic average in the fluid
(1) e (Te) +&4(Ty)%, spatial average tem- S intrinsic average in the solid
perature ! deviation quantity
Tk temperature at the interface

equations. The VHTC obtained in this way differed
from their numerical result. As to the availability of
the VHTC for thermal energy transport in porous
media, most studies are limited to pure heat conduc-
tion problems [2,4,5]. For convection heat transfer in
porous media, the application of the VAM has been
reviewed in the monograph [6]. In a recent work [7], it
was found that a full-version of the VAM formulation
with the constant VHTC model seemed unable to pre-
dict large Peclet number convection heat transfer with
enough accuracy. It is believed that a thorough investi-
gation of the VHTC is of both theoretical and practi-
cal significance.

In this paper, the VHTC model in solid—fluid porous
media is investigated in detail. Consolidated unit cells
are used throughout the study. First, the numerical sol-
ution of the closure problem is described and the
VHTC results for different unit cells are given. Phase-
identifying functions are introduced to denote the geo-
metric domains and to unify the closure equations of
the two phases. A thermal analysis of the VHTC is
then presented and illustrated by examining the ana-
logous thermal problems. This thermal analysis also
serves as a theoretical basis on which the VHTC
model can be modified according to the analogous
heat transfer mechanism occurring at the microscopic



H.Y. Zhang, X.Y. Huang | Int. J. Heat Mass Transfer 43 (2000) 3417-3432 3419

level. One example is shown for convection heat trans-
fer in porous media by incorporating the heat transfer
theory for a single circular tube in an improved model.

2. Closure problem and solution procedure

2.1. Closure problem and VHTC

In the VAM, the closure problem in term of s vari-
able for solid—fluid porous media is given as [1,2]

(o)™ v

k
=V (kVijy) — Vft J"fs - Vi dAss (1a)
ks
0=V (kVi)) - I J"sf - Vi dAss (1b)
b=y, + 1, (1¢)
ngs - ke = ngs - ksVipg  at Ag (1d)

and periodic boundary conditions are:

Ye(r +1) = e (r) (le)

Ulr +1) =y (r). (1f)

As the closure variables ; and i are deviation quan-
tities, their intrinsic averages are imposed to be zero.
Here the subscripts f and s represent the fluid and the
solid, respectively. Eq. (1c) shows a jump condition at
the solid—fluid interface. In the above closure problem,
the fluid flow has been assumed incompressible and
laminar. The porous medium is homogeneous and the
thermophysical properties are assumed to be constants
over a representative unit cell, or at the microscopic
level. Given the geometry of the unit cell, the two
phases and the average velocity (u)f, the closure
problem is solvable. From the ¢ field one can obtain
the VHTC by the following formula

2
=" [nfs Vi ddy, (2a)
For the time being we pay our attention to a class of
consolidated porous media with heat transfer enhance-
ment bearing in mind. In the consolidated porous me-
dium system, the solid matrix, acting as a bridge,
conducts heat from the source and then transfers it to
the cooling fluid or thermal storage units. Fig. 1 shows
three kinds of consolidated unit cells used in this
study:

RR: rectangular unit cell with a rectangular fluid
domain;
RC: rectangular unit cell with a circular fluid
domain;
CC: idealized circular unit cell with a circular fluid
domain.

It is convenient to have the VHTC based on the length
scale of the fluid domain:

12

H; = VL Jnfs - V; d4gs  for case RR, (2b)
.
2

H; = 70 Jnfs - Vi dAgs  for cases RC and CC. (2¢)
t

The relationship of H and H; is

H= Sf(l/lf)sz = 4H; for case RR,
H = Sf([/r())sz = nH; forcases RC and CC,

where the fluid volume fraction g = (lf/ls)2 and the
geometrical relation nrd = 4/? has been used. For case
CC, an analytical solution for the heat transfer coef-
ficient has been given in [3], which can be rearranged
as

8

Hy = .
f 1+(—21n8f—285—852)/85216

®3)

Here the sum in the brackets is always positive in spite
of the three negative terms in form.

In the presence of a tortuous flow, the VHTC is cor-
related with the average velocity (u)f. For cases of
fluid flow in straight ducts or pure heat conduction
problems, the convection term in Eq. (1a) vanishes and
the periodic boundary conditions, Egs. (le) and (1f),
reduce to zero-gradient boundary conditions for sym-
metric unit cells [2] (we use symmetric unit cells
throughout this study). To obtain the VHTC, the
closure problem in term of ¥ need to be solved by nu-
merical techniques since analytical solutions are not
available except for very few cases. In the present
study, the numerical discretization is based on the con-
trol-volume finite difference method developed by
Patankar [8].

2.2. Solution procedure

In solving the closure problem, phase-identifying
functions are introduced to denote the domains of
different phases. The basic phase-identifying function
is

_ 0 atQy
V‘{l at Q, (4a)
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The conductivity related phase-identifying function is

_ ke at Q
a—{ks atQ,’ (4b)

With the above phase-identifying functions, we can
unify Egs. (1a) and (1b) into the following form

(1= 9)pe) )" Vi,
=V (V) — yese — (1 = 9)ese (5a)

where the unified variable y; is given by

u={ e (sb)

and ¢y and ¢ represent the interfacial integrals of
Egs. (1a) and (1b), taking the form

ki
o = — J”fs - Vi d A (5¢)

Ve

©

k
Csf = — o Ctf. (5d)
&

For the sake of convenience, rectangular grid systems
with equally spaced steps are employed for two- and
three-dimensional unit cells. The grid blocks for cases
RR and RC are shown schematically in Fig. 2, with
the shadowed domains representing the solid phase.
Each grid block corresponds to one control volume.
The solid—fluid interface is defined at the locations of
the control volume faces.

In cases such as fluid flow through straight ducts or
pure conduction problems, the convective term is zero
and Eq. (5a) can be discretized in the standard form.
For example, considering the control volume P in the
one-dimensional grid blocks shown in Fig. 2(c), the
discretized equation for Eq. (5a) without the convec-
tive term takes the form

App, = Aww + Ap@g + Sup, (6a)

where Sup is referred to as the source term. The coef-

Fig. 1. Two-dimensional unit cell: (a) case CC; (b) case RC; (c) case RR. The shadowed and the hollow domains represent the

solid and the fluid, respectively.
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ficients Ay and A are given in harmonic mean,

1
Ay =

= , 6b
Xyw— /O-w— + xw+/“w+ ( )

1

B Xe—/Oc- +xe+/ae+7

Ag (6¢)

b}

where the subscript ‘—’ stands for values taken on the
left side of the control volume face and ‘+’ for values
on the right side, as shown in the grid system Fig. 2(c),
and

Ap = Ay + Ap. (6d)

With the phase-identifying functions, the source term
of the control volume next to the interface, P, can be
written as

Sup = Sup + Ap(y4+ —7-), (6e)

3421

the left of the interface, (y, —y_) =41, otherwise
(y; —y-) = —1. In single-phase domains, the difference
is always zero and the additional source term cancels.
The introduction of the phase-identifying functions is
especially convenient in handling unit cells with com-
plex interface geometries.

The x-direction interfacial gradient at the fluid side
can be obtained from the following equation

90| _ 9e—@ptr. =7
0X |t Xo— /0o + Xot /0ot

(6f)

This equation is used to determine cg and ¢y in Egs.
(5¢) and (5d) and the VHTCs in Egs. (2a)—(2c) in the
process of the numerical iteration.

The discretized equations are solved by the line-by-
line TDMA algorithm. If, still taking the one-dimen-
sional case for example, the normalized residual

Z(A wow + Appg + Sup — AP(PP)

where the term containing (y, —7_) stands for the R — Dodes <107°,
additional source term due to the jump condition in Z Appp
Eq. (Ic). The difference (y, —y_) denotes the unit nor- nodes
mal vector ng at the interface. If the fluid phase lies to (7a)
®
phase 1 X phase 2
70
‘ w W P e E I

©

Fig. 2. Schematic of (a) the grid system for case RR; (b) the grid system for case RC and (c) the control volume P with the inter-

face being in position e.
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and the relative change in H between the successive
iterations satisfies

Hi+1 _H[

| <107 (7b)

the numerical iteration is viewed to converge to the
solution. If the convective term is considered, the
power law profile is introduced to ensure positive coef-
ficients in the discretized equation. The detail of this
technique was shown in [8]. For the periodic con-
ditions, the computation is performed over an
extended domain. Further detail can be found in [9].

2.3. Numerical results

Here we present the VHTC results for the case with-
out a tortuous flow, some of which will be used in the
later sections. Due to symmetry, the computation is
conducted over one quarter of a two-dimensional unit
cell or one eighth of a three-dimensional unit cell. A
numerical test for two- and three-dimensional unit cells
has been performed and the results for Hy and H are
listed in Table 1. The ¢ for each case is 0.25 except for
the three-dimensional hexagonal array case where ¢ =
0.395. We set x = 10® in the infinite conductivity ratio
case. Available analytical solutions are also shown in
Table 1 for comparison. It is noted that the present
numerical results with the finest grid size listed in the
table for each case are accurate enough, even for unit
cells with circular and spherical fluid domains. In the
followings, the results from the calculation with the
finest grid size for each case are presented.

Table 1

Numerical results of the VHTC for different grid sizes and unit cells

The results of the VHTC H for two-dimensional
unit cells at different & and x are plotted in Fig. 3. For
the purpose of comparison, square unit cells with the
same volume, V =nmrf =12, are used. The VHTCs
from the analytical solution for case CC, (Eq. (3)), are
also shown in Fig. 3. It is seen that the VHTC
increases with the thermal conductivity ratio for all the
unit cells. It is worthy pointing out that a larger
VHTC for case RR is due to the larger heat exchange
area, which is (2//mr —1) =12.8% higher than the
other two cases at the same volume. Specifically, the
VHTC results for case RC with & = 0.77, where the
critical volume fraction for the RC is nearly attained,
are significantly smaller than those for case CC at low
and moderate conductivity ratios.

Fig. 4 shows the effective thermal conductivity for
these unit cells. The results can be used to obtain the
conductivity components in the energy equations pro-
posed in Section 4. It is found that the effective ther-
mal conductivities for the three unit cells increase with
the conductivity ratios and, at large conductivity
ratios, this increase becomes linear. Generally a close
agreement is found for the three kinds of unit cells.
While for case RC with ¢ = 0.77, the discrepancy is
observed when « is far different from 1.

The results of the VHTC H for a three-dimensional
unit cell, the hexagonal spherical array, are shown in
Fig. 5, in which the results obtained from the idealized
three-dimensional sphere array [4] are also shown for
comparison, together with the available experimental
value for a nylon—water system [5]. Compared with the
reported numerical result H =11.2 [5], the present
result (H = 10.5) is closer to the experimental value.

Cases Conductivity ratio  Grid size Calculated Hy  Analytical result
RR 1 42 x 42 2.7832 2.7872 (Eq. (17))
82 x 82 2.7870
00 42 x 42 7.0964 7.1136 (Eq. (18b))
82 x 82 7.1092
RC 1 42 x 42 3.417 -
62 x 62 3.402
92 x 92 3.408
00 42 x 42 8.113 8 (Eq. (3))
62 x 62 8.036
92 x 92 8.036
Three-dimensional unit cell with cubic fluid domain 00 22 x22x22 12.203 12.396 (Eq. (19))

Three-dimensional unit cell with spherical fluid domain oo

Three-dimensional hexagonal array 0.46

32 x32x32 12309

42 x 42 x 42 12.347

32x32x32 15.16 15 [4]
62 x 62 x 62 15.08
42x42x42 H=10.49
62x62x62 H=10.50

Experiment: 8.0 [5]
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3. Thermal analysis

Although the closure problem and the VHTC have
been solved by the numerical method in the previous
section, their thermal nature is so far not well dis-
cussed and understood. The y variable is rather a
mathematical quantity than the one related to the ther-
mal energy, or the temperature concept. In this section,
a thermal analysis will be presented and the thermal
nature of the VHTC will be interpreted by the anal-
ogous heat transfer cases. This analysis, on the other
hand, helps bridge the mathematically formulated
VHTC with practical heat exchange situations.

The thermal analysis begins with the temperature de-
composition in the VAM. The point temperature for
each phase over a representative elementary volume is
assumed to be the sum of the intrinsic average tem-

25! caseRC
& o 077
3 0.51
+ 0.
=
g 201y 025
2
2
15|
g
g
S 100
s
[0}
£
=
g 5t
10" 102 10° 10 10*
Solid-fluid thermal conductivity ratio
30 . . . .
-] [] [}
251 caseRR caseCC ? |
|5 0 077 — 077
%20 + 051 — 051
8 I % 025 -- 025 /
2 ¢/
2 450 ! ]
g I
® !
ﬁ 10} ¥
£
S
o
> 5i
®)
Oge . R .
10* 102 10° 10 10*

Solid-fluid thermal conductivity ratio

Fig. 3. Volumetric heat transfer coefficients vs. solid—fluid
thermal conductivity ratios at different & (0.25. 0.51 and
0.77): (a) comparison of cases RC and CC; (b) comparison of
cases RR and CC.

perature and the deviation temperature, i.e.,

Ty = (Tp)' + T (8a)

T =(T\°+T,. (8b)

The deviation temperatures can be expanded in terms
of macroscopic temperature fields:

T{ = b V(T0) + by - V(T + (TS = (TH)')  (9a)

T!=by V(T)' +by - V(T + ¥, ((T2)* — (T1)')  (9b)

The truncated terms in the above expansion have been
shown to be negligible for relatively large time be-
havior in the cases of pure heat conduction [2,4]. by,
bs, b and by, are thermal-conductivity-related closure

X
case RR case CC 0
X,
I 0 077 — 077 X
5 402| + 051 — 051 ]
g x 025 -- 025 X
2
Q
o
©
£ J
£
2
[3]
&
w
(@
10°T : ; ) .
10 10? 10° 10° 10*
Thermal conductivity ratio
10 [ " ]
¥
case RC case CC >
o 0.77 — 077
102| + 051 — 051
x 0.25 -~ 025 %

Effective thermal conductivity
=

10* 10? 10° 10° 10°*
Thermal conductivity ratio

Fig. 4. Effective thermal conductivities vs. solid—fluid thermal
conductivity ratios at different &: (a) comparison of cases RR
and CC; (b) comparison of cases RC and CC.
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variables, known as b variables in the VAM. More
detail on the b variables can be found in [1,2,10-12].
Here we emphasize on the  field and the VHTC.

The deviation temperatures 7{ and 7 in Eqs. (9a)
and (9b) are, respectively, composed of three parts: the
contribution due to the macroscopic solid temperature
gradient, denoted by Ty, and T/; the contribution due
to the macroscopic fluid temperature gradient, 77, and
T),; and the contribution due to the phasic tempera-
ture difference, 7{; and T7;. In the absence of macro-
scopic  temperature  gradients, the  deviation
temperatures are related only to the phasic temperature
difference and the point temperatures, Eqgs. (8a) and
(8b), reduce to

Ty = (Tr)" + T}, (10a)

T, = (T,)° + T, (10b)

Multiplying Egs. (la)-(1f) by the macroscopic tem-
perature difference ((T)* — (T7)') and noticing that

Tfy = Y ((T3)° = (T1)") and T =y ((T)° — (Tp)"), one
obtains the equations for the deviation temperatures as

[yt VT

f

k
=V (ksVT};) — Iz Jnfs - VT{; dAg (11a)
’ ks ’
0=V (kSVTs3) - 7 R - VTS3 dAg (llb)

10°

—— Presentresult
— - Idealized unit cell [4]
x Experimental result[8]

Volumetric heat transfer coefficient
80

10* 10* 10° 10° 10*
Solid to fluid thermal conductivity ratio

Fig. 5. Volumetric heat transfer coefficients vs. solid—fluid
thermal conductivity ratios for three-dimensional unit cells.

Th=Th+(T) —(Tp),
(11¢)

Ry - kaTf/3 = Rgg - kSVTS/3 at Ag

TiHr+1) = Thr), THr+1) = TL(r). (11d)
Here the phasic temperature difference ((T%)® — (7))
has been assumed to be a constant over the representa-
tive volume. In the absence of the spatial temperature
gradients, by using Egs. (10a) and (10b), Egs. (11a)—
(11d) can be written as

W' VT = V- (VT — Jnfs VTiddn  (12)
f

0=V-(VT,) — “7 J ny - VT, dAg (12b)

Tf = Ts, Ry - kaTf = Ry - kSVTS at Afs (IZC)

Te(r +1) = Ty(r), Tir +1) = Ti(r). (12d)

In the above equations, the temperature gradients V7
and VT are referred to as the microscopic temperature
gradients which are meaningful within the unit cell.
They are different from the temperature gradients
V(T;)' and V(T,)* at the macroscopic level. It is seen
that the closure problem has been reversibly trans-
formed into an analogous thermal problem in terms of
point temperatures. With the similar procedure, Egs.
(2a)—(2c) can also be expressed

1 2
H = Gy | e T e e
s/ f
2
H = va Jnfs - VTt dAs, (13b)
s/ — f
1 e
He = vy o VT e
s) — (It

Namely the VHTC is also reformulated in terms of
point temperatures. Since ng - VIy multiplied by k¢
defines the heat flux, the VHTC is thus physically
interpreted as the dimensionless average heat flux at
the interface. Based on the analogous thermal problem,
Egs. (12a)—(12d), the VHTC can be found directly by
the means of thermal analysis, instead of resorting to
the mathematically formulated closure equations (la)—
(1f). We present two cases to further illustrate the ther-
mal analysis and, simultaneously, examine the thermal
nature of the VHTC.
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3.1. Case 1: circular two-phase domain

The circular domain is shown in Fig. 1(c), which
corresponds to case CC. The solution of the VHTC
has been shown in Eq. (3). As the conductivity ratio x
approaches infinity, the maximum value Hy =8 (H =
8n) is attained. This can be understood as the Nusselt
number for the classical heat transfer case in which a
uniform heat flux is imposed from the wall to the fluid
flowing in a circular tube with a uniform velocity pro-
file. At a finite conductivity ratio, the analogous ther-
mal problem derived from Egs. (12a)—(12d) is

1 T;
—i(rﬂ)zz 0<r<l (14a)
rar or

19 (9T, 2

where the temperatures 7t and 7y have been non-
dimensionalized by the characteristic temperature
qro/ke with g being the heat flux through the solid—
fluid interface at r = 1. The solution of the temperature
field is

Tl‘(’)ZTl‘s—%(l—VQ) 0<r<l (14c¢)
N (r1/ro)’
Ts(’)—Tfs‘f‘mlnr
[ S S B (14d)
2’C[(l‘l/l‘o)z—l](r :
1<r<r/ro.

Here Ty denotes the temperature at the solid—fluid
interface and is set to be zero since it is only a refer-
ence temperature. According to Eq. (13c), the VHTC
can be written as

2
(T3)° —(T7)f
_ 8
T+ ( —21Ing —2¢ — 852)/852K.

H =

(15a)

This result is identical to Eq. (3). Namely the same
VHTC is obtained from the analogous heat transfer
case. The profile for the temperatures reduced by the
temperature difference ((7,)* — (Tt)7) has been shown in
Fig. 6(a) for different conductivity ratios. Reversing
the thermal analysis procedure, we can obtain the
field from the temperature solution. The corresponding
profile is shown in Fig. 6(b). It is observed that the
difference of the two profiles lies in the value jump at

the interface. The gradient-dependent VHTCs from the
closure problem and the analogous thermal energy
equations are the same.

It is interesting to derive Hy for the analogous ther-
mal problem with a non-uniform velocity field — fully
developed flow in the circular tube. In this case, the
non-dimensional heat consumption term on the right-
hand side of Eq. (14a) becomes 4(1 — r?) instead of 2
in the fluid domain. The VHTC takes the form

8
434 (—21ng — 26— 82) /el

He (15b)

where the factor 4/3 instead of 1 appears in the de-
nominator and the heat transfer rate is, therefore,
decreased. This suggests that a smaller heat transfer
coefficient is expected if non-uniform velocity field is
taken into account.

1.5

-

o
3

Analogous temperature

(@

0 05 1 15
Radial distance

0.8t
06}
04}

0.2} Vs W

-0.21 \

04}

Closure variable
o
>

-06

08 ®)
X

0 05 1 15 2
Radial distance

Fig. 6. Results of (a) the temperature profile and (b) the
closure variable for case CC, with solid to fluid conductivity
ratios arranged in the order shown by the arrows as: 0, 0.2,
0.5, 1,2, 5, +oo.
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3.2. Case 2: rectangular two-phase domain

We consider the analogous thermal problem over a
rectangular two-phase domain. The coordinate system
is shown in Fig. 7. For such geometry, we consider
two special cases: k = 1 and k— o0, for which the ana-
lytical solutions of the analogous thermal energy
equations can be found.

When x =1, there is no jump in the temperature
gradient. We assume the spatial average temperature
(T) = 0. The dimensionless thermal balance equation
with uniform heat generation in the solid and heat
consumption in the fluid is

82T+ °T
9y?  9z2
1 0<y<agand0<z<)

b
_ _% 0<y<aandb<z<p,

ora<y<landb<z<p
The boundaries are all thermally insulated. By using

Green’s functions one can obtain the temperature pro-
file as

2 Ercos(B,) sin(6,a)

=" ﬁ_abm:l ﬁ:n
2ap> Scos(B,z/b) sin(B,b/p)
- 'B - ab n=1 ﬁz
ﬂ oo 00

-4 —abZZ

m=1 n=1

y (=1 cos(B,,y) cos(B,z/B) sin(B,a) sin(B,b/B)

Bub| B+ (B./B)']
(16)

Fig. 7. Coordinate system for the thermal analysis of case
RR.

with 8, = mn, f, = nn and m, n are positive integers.
The temperature has been non-dimensionalized by the
characteristic temperature (a + b)qls(keab) ™ with ¢
being the averaged heat flux through the interface.
With Eq. (13b) the heat transfer coefficient H; can be
expressed as

Hy = (ab/p)

2ap’ sin®(B,b/B)
- ab>2Z I

sin? ﬁm sin (ﬁnb/ﬁ)
ab(ﬁ—ab)zn;; B2 [ﬁ + (B./B) ]

(17

For f=1 and a=bh=1/2, Eq. (17) yields H; =
2.7872. This value is very close to the numerical result
2.7870 with a 82 x 82 grid system as listed in Table 1.
The temperature profile based on the analytical sol-
ution is shown in Fig. 8(a). The closure variables can
be reversibly obtained from the thermal analysis. The
corresponding  profile is displayed in Fig. 8(b).

As k— 00, the solid temperature is uniform and only
the temperature field in the fluid domain is meaningful.
For simplicity we take ¢ = 1 and b = . Again we set
the reference temperature 7y = 0. The solution for the
analogous thermal problem with uniform heat con-
sumption in the fluid is

T — _4d ;l—/f) & i( -y cos(f,.) Cosz(ﬁﬂz)
== I e
(18a)

where f,, = (m—1/2)n and B, = (n — 1/2)n. The tem-
perature has been non-dimensionalized by the charac-
terized temperature ¢lf/k¢. The heat transfer coefficient
is obtained as

-1
1

lﬂ,f,ﬂnz[ﬁ,f, + (ﬁn/ﬁ)z]

e

DY

m=1n

(18b)

For a square unit cell, i.e., f =1, the result of Hy is
7.1136. This value agrees with the calculated result
7.1092 in Table 1. If p approaches infinity, i.e., a strati-
fied system, Hy— 3.

In the three-dimensional case with cubic fluid
domain, the H; at k— o0 is given by
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Fig. 8. Results for case RR with k = 1: (a) temperature pro-
file; (b) closure variable.

-1
1

B (B 5+ 57)

m=1 n=1

(19)

gt

where B, =(m—1/2)n, B,=m—1/2)r and B,=
(p — 1/2)n. The converged value is 12.396. The numeri-
cal result with a 42 x 42 x 42 grid system is 12.347.
Consistency is achieved for the closure formulation
and the thermal analogy formulation.

The thermal analysis of the VHTC is especially use-

ful in initiating the modification of the VHTC. In con-
ventional VAM modeling, the VHTC as well as other
transport coefficients is assumed to be constant
throughout the porous medium and can be obtained
by the closure formulation or the thermal analogy for-
mulation. Its applicability, however, is within the mod-
eling limitation such as the small Peclet number
constraint (this will be discussed in the next section).
In a finite-size porous system with large Peclet number,
this constraint will be violated and efforts should
be made on the modification of such a transport
coefficient. Inferred from the thermal analysis, the
modification could be made by taking into account the
analogous heat transfer at the unit-cell level. At this
microscopic level, the heat transfer occurs in a manner
being different from the conventional VAM modeling
with a constant VHTC. In contrast, the VHTC is a
variable quantity along the flow direction due to the
thermal entrance effect. On the other hand, the non-
uniformity of the flow field will cause a smaller asymp-
totic VHTC as seen in the foregoing discussion. In the
next section, an improved VHTC model is discussed in
detail.

4. Improved VHTC model with fluid flow

4.1. Limitations of the VAM with fluid flow

In the case of convection heat transfer, the validity
of the VAM with the closure formulation is restricted
to low and moderate microscopic Peclet number Pe,,
as reported by the present authors [7]. Such limitations
are inherent from the VAM. In the self-contained
development of this methodology, porous media are
assumed homogeneous and the local temperature
expansions (Egs. (9a) and (9b)) are valid everywhere in
the system. If the fluid flow is considered, the following
Peclet number criterion should be satisfied [7]:

f
Pe; = (u—)l < £
o /

i.e., the microscopic Peclet number should be much
smaller than the macroscopic to microscopic length
ratio so that the VAM could be valid. At large Peclet
number Pe;, this criterion is easily violated and the
local average scheme given in Egs. (9a) and (9b) may
break down, especially at or around the thermal
entrance region of a porous heat transfer system. Fur-
thermore, the additional convective terms in the VAM,
due to non-uniformity of the velocity field, will pro-
duce a result that does not coincide with the energy
conservation [1,6].
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4.2. Improved VHTC model

We attempt to improve the VHTC model so that it
may be extended to larger Peclet number. It was
reported [7] that the solid temperature at the entrance
region, where x is smaller, is larger than the predicted
result from the point equations while the fluid tem-
perature is underestimated. Maintaining the thermal
conductivity components unchanged, this observation
indicates that the VHTC is larger at the smaller x. If
turning to the microscopic heat transfer that occurs in
a straight channel, as suggested by the thermal analy-
sis, and knowing that a large heat transfer coefficient
at a small x corresponds to the thermal entrance
phenomenon, we may reconsider the VHTC as a func-
tion of x following the thermal entrance theory [13].
Namely

H(x) = coH f(x) (20)

where ¢y is a constant, which is less than one as a
result of the non-uniformity of the velocity field, H
is the original VHTC in the VAM and can be read
out from Fig. 3, and f(x) is a modification function
based on the thermal entrance phenomenon and is
given as

fo) = 1)

Since the Nusselt number correlations for rectangular
ducts are not available [13], we make use of the
thermal entrance heat transfer result generated from
a circular tube. The determination of the local Nus-
selt number Nu, and the Nusselt number Nu|,_,
for a circular tube can be found in [13]. For the
two dimensional porous system shown in Fig. 9(a),
the energy equations in dimensionless form are pro-
posed as follows:

In the solid phase

o p aT; . °Ty  Kg .. 92Tt
Lo T M ox2 ki 9z2
R (22a)
Ky, .. 82T, L
ozt (7) Ho(T, = Tr)
In the fluid phase
0=8K82TS Kss,zz asz st,zz 32Tf
T ox?2 ki 0z2 ki 09z2
N2
- (7> H)(T; — Ty) (22b)

Here intrinsic average operators () and ()* have been
omitted for brevity. The dimensionless temperatures

take the following form

Ti—Th
T _Ti*n’

wall

Ti-T§
Tin—T5

wall

Tf = TS =

The superscript “** has been used to denote the dimen-
sional temperatures, and T}, and T} are the tem-
peratures of the hot surface and the inlet fluid. The
macroscopic Peclet number Pe; is defined by the
macroscopic length L.. The terms containing the con-
ductivity components Ky, .., Kg -z, K -z and Ky, -
represent the conductive effects in z direction due to
the lateral heating. They can be obtained numerically
or experimentally according to the VAM theory, for
instance, in [2]. Further detail can be found in [10-12].
The calculation of these conductivity components for
the present modeling has been shown in the Appendix.
(K, -- seems much larger than the other conductivity
components. However, we retain all these terms to be
consistent with the VAM). The additional convective
terms in the VAM are removed from Egs. (22a) and
(22b) to meet the energy conservation requirement.

For case RR shown in Fig. 9(b), the constant ¢y in
Eq. (20) is about 0.50 for isothermal boundary con-
ditions, which is found by fitting the overall averaged
solid temperature or the mixed mean fluid temperature
from the modified model with that from the point-wise
modeling. This value is a little different from the result
for a circular tube case (0.75 for x = 1000). The modi-
fied VHTC model is shown in Fig. 10 in comparison
with the original VHTC model.

z Hot surface: T=1

Cooling
fluid »
—

®)

Fig. 9. A porous medium model with fluid flowing through
straight rectangular ducts: (a) the heat transfer system; (b) the
porous cross sections vertical to the flow direction.
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4.3. Numerical modeling and verification

The modified VHTC model is still an empirical one.
Its validity is examined by comparing the results from
the point equations. The porous system characterized
by straight rectangular ducts is selected, as shown in
Fig. 9, with the representative unit cell corresponding
to the RR case defined in the foregoing section. The
selection of such pore structure renders less effort for
the point-wise modeling due to the regularity of the
geometry while the computational accuracy is ensured.
Ten unit cells are employed in z direction so that
I/L « 1. The fluid flow is assumed uniformly fully-
developed at the inlet of each duct. Once the three-
dimensional point temperature fields are obtained, the
averaged temperatures can be calculated by the follow-
ing equations:

1
Ti(x) = m J Ty(x, y, zyu(y, z)(1 —y) dy dz, (23a)
Ty(x.2) = LiJ Jn(x, v 2y dy, (23b)
)
Ty(x) = —— | Ty(x, v, z)y dy dz, 23
(x) LL (x,y,zyydydz (23¢)

where y is the phase-identifying function defined in the
same form as Eq. (4a), with the phasic domain of the
definition being extended to the overall porous medium
system instead of one unit cell.

By comparing with the point-wise modeling, the
present model is found to be applicable to convection
heat transfer with Pe; ranging from several tens to sev-

N

- A A A
N A O

VAM model

o o
[
T T

Modified model 1

Heat transfer coefficient H(x)/H

o o
SRS
- T

A

005 01

015 02 025 03
Thermal entry length

o

Fig. 10. Comparision of heat transfer coefficient models.

eral thousands. Thus, the VAM is extended to the
overall laminar flow regime if water or air is used as
working fluids. In the followings we will show the
results with isothermal conditions for the case of Pe; =
1000 with x = 1000. This high conductivity ratio is a
representative of practical systems with metallic solid
matrix, such as copper—water, copper—air, or stainless
steel—air systems.

In Fig. 11, the solid and fluid temperature profiles
along the flow direction x are presented for the three
models: the original VAM modeling, the modified
model and the point-wise modeling. It is seen that the
deviation of the VAM is significant, while the modified
model produces much better results in spite of the
local temperature expansion constraints in the VAM.

The details of the solid and fluid temperature fields
are shown in Fig. 12. The different temperature profiles
for the solid and the fluid suggests the necessity of a
two-equation modeling. The span-wise averaged solid
temperature profile from the point-wise modeling is
also shown in Fig. 12(a) for comparison. As we can
see, the agreement is generally fine. It is noted that the
dashed lines corresponding to the point-wise modeling
are not well smoothed out. This originates from the
introduction of a zeroth order weighting function, the
phase-identifying function y into the span-wise aver-
aging of the point temperature field. A higher order
weighting function will help smooth out the lines. In
the present work, however, the zeroth order weighting
averaging seems enough to illustrate the overall agree-
ment of the two models as shown in the figure.

0.5}
04| Solid temperalir®
<
=]
g 0.3} --- VAM modeling
[<%
g ___ Modified model
F 02l
— . Point-wise modeling
01} Fuidtemperdt® ___———"""
ol

0 02 04 06 08 1 12 14 16
Axial distance

Fig. 11. Solid and fluid temperature profiles vs. the axial dis-
tance x/L for different models. The solid temperature profiles
for the modified model and the point-wise modeling are very
close.
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(a)

(b)

Fig. 12. Temperature profiles based on the modified model: (a) the solid matrix temperature profile and comparision with the

point-wise modeling; (b) the fluid temperature profile.

5. Conclusions

The modeling of the VHTC in solid—fluid porous
media with consolidated matrix structures has been
conducted at the unit-cell level. The value of the
VHTC is numerically determined by solving the
closure problem developed in the VAM. The control-
volume finite difference method is used and the phase-
identifying functions are introduced to facilitate the
solution over the two-phase domain. The thermal
nature of the VHTC is explored by means of thermal
analysis. The conclusions can be drawn as follows:

1. The interfacial jump condition in the closure
problem can be treated as an additional source term
in the discretized equation to simplify the solution
procedure. The calculated VHTC results in the pre-
sent study have been verified with available analyti-
cal results and the good agreement has been
achieved. The results for the two-dimensional unit
cells are found not sensitive to the geometry, while
for three-dimensional cases, the VHTCs vary signifi-
cantly versus the geometry.

2. A thermal analysis of the VHTC is conducted by

inspecting the theoretical origin. In this analysis, the
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VHTC is interpreted as the dimensionless average
heat flux at the interface and the analogous thermal
problems with circular and rectangular domains
have been examined. The thermal analysis presented
in this paper may help to develop more rigorous
VHTC models for practical porous medium sys-
tems.

3. In the application of the VAM to a forced convec-
tion heat transfer in a solid matrix characterized by
straight ducts, an improved VHTC model is pro-
posed by incorporating the analogous unit-cell-level
heat transfer mechanism, in which the effects of the
non-uniformity of the velocity field and the thermal
entrance at the microscopic level are taken into
account. By comparing with the point-wise model-
ing, the new VHTC model is found to be able to
predict heat transfer for the large Peclet number
laminar flow regime with water and air as working
fluids. This modeling permits optimization of
designing practical porous heat sinks in heat trans-
fer enhancements with greatly reduced modeling
efforts. It also suggests an analytical technique for
convection heat transfer in porous media with much
more complicated structure.

Appendix
Determination of the thermal conductivity components

In the modified VAM modeling, Egs. (22a) and
(22b), the components of the conductivity tensors are
related to the thermal tortuosity due to the different
phasic conductivities and geometries. They can be eval-
uated directly from the b variables in the VAM. A
theoretical description of the thermal conductivity com-
ponents has been elaborated in [2]. Here we are not
intending to repeat the detailed process since this is not
straightforward. We just present how to obtain the con-
ductivity components related to the modeling Egs.
(22a) and (22b) by making use of the effective thermal
conductivity tensor K.g in the one-equation model.

The relationship between the effective thermal con-
ductivity tensor K.g and the tortuosity tensor B is

Keff/kf = [8f + (1 — Sf)K]I + {;t(l — K)zB (Al)

Here the effective conductivity tensor Ky corresponds
to the one-equation model and can be obtained by the
conventional experimental measurement or theoretical
calculation over a single unit cell [10]. Considering the
zz component, one finds the tortuosity effect from Eq.
(A1) as

B.. = [Kerr, o/ — & — (1 — ep)ic] /(1 — K)’ (A2)

The conductivity components can be given as

K, z-/kr = er(1 + B::) (A3)

Kfs, z:/kf = _stBzz (A4)

st, z:/k[" = Kl‘s, zz/kl‘ = _K:ngZZ (AS)

Kss, :z/kf = SSK(I + K?Bz:> (A6)
s

Note that the following correlation holds:
Keff, zz — Kff, 2zt Kfs, 2+ st, 2zt Kss‘ zze (A7)

As an example, considering case RR with ¢ =0.25
and x = 1000, the effective conductivity is Keg/kt =
577.6. From Eq. (A2) B.. = —6.900¢ — 4. The corre-
sponding dimensionless conductivity components are

Ky, 2o /ks = 0.25(1 — 6.900e — 4) = 0.2498
Kfs, zz/kf = st, zz/kf =0.1725

Ky, - /ke = 577.5
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